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1 A brief history of SVMs and linear classifiers
The first milestone goes back to the Perceptron of Rosenblatt (1958), an iterative algorithm

that updates the model parameters through successive corrections. Soon after, Novikoff (1962)
established its convergence under the assumption of linear separability, thereby providing the
first theoretical framework for linear classifiers.

In the 1960s and 1970s, Vapnik (1998) (with Chervonenkis) shifted the core question: rather
than explaining how to learn, they investigated when learning generalizes. With the VC dimension
and the principle of Structural Risk Minimization (SRM), they provided a compass: controlling
model complexity to ensure out-of-sample performance. This shift—from weight updates to
generalization bounds—paved the way for a method that is both geometrically and statistically
grounded.

In the early 1990s, the modern version of Support Vector Machines took shape. Boser et al.
(1992) formulated margin maximization as a convex quadratic program and made nonlinear
boundaries natural through the kernel trick—already sketched by Aizerman et al. (1964)—which
replaces explicit feature projections with implicit inner products. Cortes and Vapnik (1995)
extended the approach to non-separable cases with the soft margin (parameter C) and the hinge
loss, balancing error tolerance with model complexity control.

On the theoretical side, the anchoring in Reproducing Kernel Hilbert Spaces (RKHS) and
the representer theorem (Kimeldorf and Wahba, 1971; Schölkopf and Smola, 2002) explain why
the optimal solution can be written as a linear combination of kernels centered on only a few
observations: the support vectors. In short, the field moved from a local update rule (Perceptron)
to a global optimization principle (SVM) that unites geometry, regularization, and statistical
foundations of generalization.

2 Euclidean geometry essentials
Before introducing SVMs, we fix the notation and recall a few tools from vector geometry used
throughout the course.

2.1 Euclidean space, inner product and norm
Definition 2.1 (Euclidean space). A Euclidean space is a finite-dimensional real vector space
E endowed with an inner product ⟨·, ·⟩ : E × E → R that is symmetric, bilinear, and positive
definite. The associated norm is ∥x∥ =

√
⟨x, x⟩ and the distance is dist(x, y) = ∥x− y∥.

We work in Rd with the Euclidean inner product

⟨x, z⟩ =
d∑

k=1
xkzk,

and the associated Euclidean norm

∥x∥ =
√
⟨x, x⟩ =

( d∑
k=1

x2
k

)1/2
.

Definition 2.2 (Orthogonal and collinear vectors). Two vectors u, v ∈ Rd are orthogonal if
⟨u, v⟩ = 0. They are collinear if there exists λ ∈ R such that u = λv.

Remark 2.1 (Pythagoras). If u ⊥ v, then ∥u + v∥2 = ∥u∥2 + ∥v∥2. This is the generalization of
Pythagoras’ theorem.
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2.2 Classical inequalities
Theorem 2.1 (Cauchy–Schwarz). For all u, v ∈ Rd,

|⟨u, v⟩| ≤ ∥u∥ ∥v∥,

with equality iff u and v are collinear.

Theorem 2.2 (Triangle inequality). For all u, v ∈ Rd,

∥u + v∥ ≤ ∥u∥+ ∥v∥.

Sketch of proof. By expansion, ∥u + v∥2 = ∥u∥2 + ∥v∥2 + 2⟨u, v⟩ ≤ (∥u∥+ ∥v∥)2 via Cauchy–
Schwarz, then take square roots.

Remark 2.2 (Length of a vector (Pythagoras)). In the canonical basis, ∥x∥ =
√

x2
1 + · · ·+ x2

d:
this is the “length" of x, derived from Pythagoras’ theorem in dimension d.

2.3 Affine subspaces, hyperplanes, and normal vectors
Definition 2.3 (Affine subspace). An affine subspace is a set of the form

A = x0 + V = {x0 + v : v ∈ V},

where x0 ∈ Rd and V is a linear subspace.

Definition 2.4 (Hyperplane). A hyperplane in Rd is an affine subspace of dimension d − 1,
equivalently a set

H = {x ∈ Rd : ⟨w, x⟩+ b = 0},

where w ∈ Rd \ {0} and b ∈ R. The vector w is a normal vector to H (orthogonal to every
direction in H).

Remark 2.3. A hyperplane splits the space into two. This property underlies the classification
rule used later.

Definition 2.5 (Normal line to a hyperplane through a point). Let H = {x : ⟨w, x⟩+ b = 0}
and x0 ∈ Rd. The normal line to H passing through x0 is

N (x0) = {x(t) = x0 + t w : t ∈ R}.

2.4 Projections: scalar and vector
Definition 2.6 (Scalar projection). The scalar projection of v onto u ̸= 0 is

compu(v) = ⟨v, u⟩
∥u∥

.

Definition 2.7 (Vector projection onto a direction). The vector projection of v onto the line
spanned by u ̸= 0 is

proju(v) = ⟨v, u⟩
∥u∥2

u.

Proposition 2.1 (Orthogonal projection onto a hyperplane). Let H = {x : ⟨w, x⟩+ b = 0} with
w ̸= 0 and any x0 ∈ Rd. The orthogonal projection ΠH(x0) of x0 onto H is

ΠH(x0) = x0 −
⟨w, x0⟩+ b

∥w∥2
w.

Justification. Subtract from x0 its component along the normal w.
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2.5 Point–hyperplane distances (signed and unsigned)
Definition 2.8 (Point–hyperplane distance). The (unsigned) distance from a point x0 to the
hyperplane H = {x : ⟨w, x⟩+ b = 0} is

dist(x0, H) = |⟨w, x0⟩+ b|
∥w∥

.

Definition 2.9 (Signed distance). Fixing the orientation by the normal w, the signed distance is

sdistw(x0, H) = ⟨w, x0⟩+ b

∥w∥
.

It is positive on the side where ⟨w, x⟩+ b > 0 and negative on the other.

Remark 2.4 (Distance between two parallel hyperplanes). If H1 = {x : ⟨w, x⟩ + b1 = 0} and
H2 = {x : ⟨w, x⟩+ b2 = 0} with the same normal w, then

dist(H1, H2) = |b1 − b2|
∥w∥

.

Proposition 2.2 (Orthogonal decomposition with respect to a hyperplane). For any x ∈ Rd,

x =
(
x− ⟨w, x⟩+ b

∥w∥2
w
)

︸ ︷︷ ︸
projection onto H

+ ⟨w, x⟩+ b

∥w∥2
w︸ ︷︷ ︸

normal component

.

The two components are orthogonal.

3 Rosenblatt’s Perceptron
We first recall the linear decision rule and the partition of the space induced by a hyperplane,
then introduce the perceptron, its loss function, the associated optimization problem, and finally
the algorithm with its classical convergence result.

Let
T = {(x1, y1), . . . , (xN , yN )}

be our training data composed of N instances in a space X ⊆ Rd, such that ∀i ∈ {1, . . . , N},
xi ∈ X and yi ∈ {−1, 1}. The goal is to separate T into two classes using a hyperplane

h(x) = ⟨w, x⟩+ b,

where w ∈ Rd is a normal vector to the hyperplane and b ∈ R is a bias.
This hyperplane induces two half-spaces

H+ =
{
x ∈ X : h(x) = ⟨w, x⟩+ b ≥ 0

}
, H− =

{
x ∈ X : h(x) = ⟨w, x⟩+ b < 0

}
,

to which we associate classes +1 and −1, respectively; see Figure 1.

Definition 3.1 (Sign function and decision rule). Let h(x) = ⟨w, x⟩+ b be the equation of a
hyperplane in X . Define sign : R→ {−1, 1} by

sign(t) =

 1, if t ≥ 0,

−1, if t < 0.

For a new instance xnew, the predicted class is

ŷ = sign
(
h(xnew)

)
= sign

(
⟨w, xnew⟩+ b

)
.

Remark. By convention, points x such that h(x) = 0 (on the hyperplane) are assigned to class
+1. If one wishes to distinguish this case, use sign0 : R→ {−1, 0, 1} with sign0(0) = 0.
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Figure 1 – Illustration of a separating hyperplane and the decision rule.

3.1 Losses and perceptron formulation
Guiding idea. The perceptron seeks a hyperplane that makes all signed margins mi =
yi(⟨w, xi⟩ + b) positive. The perceptron loss looks only at misclassified (or on-the-boundary)
points and pushes (w, b) in the direction that fixes the current error.

Definition 3.2 (Linear score and signed margin). Given a hyperplane h(x) = ⟨w, x⟩+ b, the
linear score is h(x). For (xi, yi) with yi ∈ {−1, 1}, the signed margin is

mi(w, b) = yi h(xi) = yi (⟨w, xi⟩+ b). (3.1)

Then mi > 0 means that xi is correctly classified, mi < 0 that it is misclassified, and mi = 0
that it lies on the hyperplane.

Remark 3.1 (Why the product yi h(xi)?). Without the factor yi, the sign of h(xi) is interpreted
differently across classes. Multiplying by yi ∈ {−1, 1} unifies the correct-classification condition:

(xi, yi) correctly classified ⇐⇒ yi h(xi) > 0.

This single expression simplifies modeling and updates.

Definition 3.3 (Perceptron loss). The perceptron loss penalizes only the misclassified (or
zero-margin) observations:

ℓ(z) = max(0,−z), L(w, b) =
N∑

i=1
ℓ
(
yi(⟨w, xi⟩+ b)

)
=

N∑
i=1

max
(
0,−yi(⟨w, xi⟩+ b)

)
. (3.2)

Proposition 3.1 (Convex optimization problem). The perceptron solves

min
w∈Rd, b∈R

L(w, b) = min
w,b

N∑
i=1

max
(
0,−yi(⟨w, xi⟩+ b)

)
. (3.3)

The function L is convex in (w, b) (a maximum of affine functions), but non-differentiable when
yi(⟨w, xi⟩+ b) = 0.

Proposition 3.2 (Subgradients). Writing hi = ⟨w, xi⟩+ b and M(w, b) = {i : yihi < 0} for
the error set, a subgradient of L at (w, b) is

∂L(w, b)
∂w

= −
∑

i∈M(w,b)
yi xi,

∂L(w, b)
∂b

= −
∑

i∈M(w,b)
yi. (3.4)

At the non-differentiable point yihi = 0, any vector between 0 and −yixi is a valid subgradient
for the ith term.
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3.2 Algorithm and convergence
The perceptron algorithm is an online subgradient descent: we loop over examples and update
only upon error (or zero margin). The augmented notation folds the bias into the weight vector.
Remark 3.2 (Augmented variables). Let

x̃i =
(

xi

1

)
∈ Rd+1, w̃ =

(
w
b

)
∈ Rd+1,

so that h(xi) = ⟨w̃, x̃i⟩ and updates can be written compactly.

Algorithm 1 Perceptron algorithm (online subgradient descent)
Require: Data {(xi, yi)}Ni=1, step size η > 0, epochs T

1: Initialize w̃ ← 0
2: for t = 1 to T do
3: for i = 1 to N do
4: s← yi ⟨w̃, x̃i⟩
5: if s ≤ 0 then
6: w̃ ← w̃ + η yi x̃i

7: end if
8: end for
9: end for

10: return w̃

Definition 3.4 (Linearly separable data). A labeled set T = {(xi, yi)}Ni=1 with xi ∈ Rd and
yi ∈ {−1, 1} is said to be linearly separable if there exist w ∈ Rd and b ∈ R (and, equivalently, a
margin M > 0 after rescaling (w, b)) such that

yi (⟨w, xi⟩+ b) ≥ M > 0, ∀i = 1, . . . , N. (3.5)

In other words, the two classes are strictly separated by the hyperplane {x : ⟨w, x⟩+ b = 0}.

(a) Linearly separable data (b) Non–linearly separable data

Figure 2 – Visual comparison between separable and non separable cases.

Theorem 3.1 (Novikoff (1962), mistake bound). Assume ∥xi∥ ≤ R for all i and that the data
are linearly separable with geometric margin M > 0. Then the perceptron algorithm makes at
most (R/M)2 updates (mistakes) and therefore stops in a finite number of steps.

8



Figure 3 – Examples of separating hyperplanes obtained by the perceptron depending on
initialization and presentation order: the solution is not unique under separability.

3.3 Limitations
The perceptron algorithm nevertheless exhibits several limitations (see, e.g., Ripley (1996)):

— Non-uniqueness under separability. When the data are separable, there are generally
infinitely many separating hyperplanes (see Figure 3). The perceptron may converge to
different solutions depending on the initialization and the order of examples.

— No convergence on non-separable data. When the data are not linearly separable,
the algorithm does not converge and may enter cycles (oscillating updates), especially in
the presence of label noise or outliers.

— Potentially long convergence time. Theorem 3.1 shows that the number of perceptron
updates is bounded by (R/M)2. Intuitively, the smaller the margin M (points “skimming"
the hyperplane), the more corrections may be needed before stabilization. Thus, the smaller
the margin (data “barely" separable), the slower the convergence can be.

We will later see how the initial problem in (3.3) can be modified to address these limitations.

4 Support Vector Classifier (Hard-Margin)
In the literature, several names refer to this model: Support Vector Machines with a hard margin
(hard-margin SVM), Optimal Separating Hyperplanes (Hastie et al. (2009)), and Support Vector
Classifier (SVC) with a hard margin. Hereafter, we refer to this model as the hard-margin SVC.
We present the large-margin intuition and the logic that naturally leads from the “maximize
the margin" problem to the convex formulation “minimize 1

2∥w∥
2" under separation constraints.

We then give the primal problem, its Lagrange dual, the KKT conditions, and the primal–dual
equivalence.

4.1 Large-margin principle and hard-margin SVC formulation
The perceptron puts each point on the “correct side" of a hyperplane without caring about

its distance to the boundary. Yet, as soon as the data are separable, there are infinitely many
valid hyperplanes; the solution then depends on initialization and example order, and can be
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Figure 4 – Geometric margin in a hard-margin SVC: the band delimited by ⟨w, x⟩ + b = ±1
has a margin M = 1/∥w∥ and a band width 2/∥w∥, and the points in contact are the support
vectors.

unstable to small perturbations. The large-margin idea is to prefer, among all correct separators,
the one that leaves the largest “safety cushion" around the decision boundary.

For a pair (w, b) and an example (xi, yi), define

M̂i(w, b) := yi (⟨w, xi⟩+ b)

as the example’s functional margin: it is positive if the example is correctly classified and larger
the more comfortably it lies on the correct side. Aggregating via the minimum,

M̂(w, b) := min
i

M̂i(w, b),

but this quantity depends on scale, since (λw, λb) describes the same hyperplane while multiplying
M̂ by λ > 0.

We remove the scale dependence by dividing by the norm of the normal vector: the geometric
margin

M(w, b) := min
i

M̂i(w, b)
∥w∥

= min
i

yi(⟨w, xi⟩+ b)
∥w∥

coincides with the minimal signed distance of the points to the hyperplane and depends only on
the geometric position of the boundary. This is the quantity we want to maximize for a robust
separator; Figure 4 illustrates this.

Since (w, b) and (λw, λb) represent the same hyperplane, we fix the scale by the canonical
normalization

min
i

yi(⟨w, xi⟩+ b) = 1.

Support vectors satisfy yi(⟨w, xi⟩+ b) = 1, the margin is M(w, b) = 1/∥w∥ and the width of the
margin band (between ⟨w, x⟩+ b = ±1) is 2/∥w∥.
With the canonical normalization above,

max
w,b

M(w, b) ⇐⇒ max
w,b

1
∥w∥

s.t. yi(⟨w, xi⟩+ b) ≥ 1 ∀i.

Maximizing 1/∥w∥ is equivalent to minimizing ∥w∥, and for analytic convenience we use the
convex quadratic objective 1

2∥w∥
2.
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4.2 Primal formulation, dual derivation (hard-margin) �

Under the canonical normalization mini yi(⟨w, xi⟩+ b) = 1, maximizing the geometric margin
amounts to minimizing ∥w∥. We obtain a convex quadratic program with affine constraints.

Definition 4.1 (Hard-margin SVM — primal formulation).

min
w∈Rd, b∈R

1
2 ∥w∥

2

s.t. yi
(
⟨w, xi⟩+ b

)
≥ 1, i = 1, . . . , N.

(4.1)

Comment on the primal. The objective is strictly convex and the constraints are linear.
Under strict separability, there exists at least one primal feasible solution. The direction of w⋆ is
then unique in general position, and the bias b⋆ follows from the support vectors.

From primal to dual: construction and dual function. For each constraint yi(⟨w, xi⟩+ b) ≥ 1,
introduce a Lagrange multiplier λi ≥ 0. The Lagrangian associated with (4.1) is

L(w, b, λ) = 1
2∥w∥

2 −
N∑

i=1
λi

(
yi(⟨w, xi⟩+ b)− 1

)
, with λ = (λ1, . . . , λN )⊤, λi ≥ 0.

Define the dual function g(λ) as the infimum of L with respect to the primal variables:

g(λ) = inf
w∈Rd, b∈R

L(w, b, λ).

Minimize first over w. The term in w is

1
2∥w∥

2 −
〈
w,

N∑
i=1

λiyixi

〉
,

a strictly convex quadratic form in w. Its unique minimizer is given by the first-order condition

∂L
∂w

= 0 ⇒ w⋆ =
N∑

i=1
λiyixi.

Replacing w with w⋆, the contribution in w becomes

1
2∥w

⋆∥2 −
〈
w⋆,

N∑
i=1

λiyixi

〉
= 1

2∥w
⋆∥2 − ∥w⋆∥2 = −1

2∥w
⋆∥2 = −1

2

∥∥∥ N∑
i=1

λiyixi

∥∥∥2
.

Next minimize over b. The Lagrangian is affine in b via the term −b
∑N

i=1 λiyi. If
∑

i λiyi ≠ 0,
the infimum in b is −∞. To make g(λ) finite, we therefore impose the dual equality constraint

N∑
i=1

λiyi = 0.

In that case the dependence on b vanishes, yielding

g(λ) = −1
2

∥∥∥ N∑
i=1

λiyixi

∥∥∥2
+

N∑
i=1

λi.

Expanding the squared norm gives the classical bilinear form

g(λ) =
N∑

i=1
λi −

1
2

N∑
i=1

N∑
j=1

λiλj yiyj ⟨xi, xj⟩.
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Proposition 4.1 (Hard-margin SVM — dual formulation).

max
λ∈RN

N∑
i=1

λi −
1
2

N∑
i=1

N∑
j=1

λiλj yiyj ⟨xi, xj⟩

s.t. λi ≥ 0, i = 1, . . . , N,

N∑
i=1

λiyi = 0.

(4.2)

Comment on the dual. The dual is a concave quadratic program over a polyhedron (cone
λi ≥ 0 and hyperplane

∑
i λiyi = 0). At the optimum, the coefficients λ⋆

i are zero for points that do
not influence the boundary and strictly positive for points that “support" the hyperplane—hence
the term support vectors.

Proposition 4.2 (Slater’s condition for the hard-margin SVC). Assume the data are linearly
separable, i.e., there exists (w0, b0) such that

yi
(
⟨w0, xi⟩+ b0

)
> 0, i = 1, . . . , N.

Then there exists (w, b) such that

yi
(
⟨w, xi⟩+ b

)
> 1, i = 1, . . . , N.

In particular, for the primal problem (4.1), Slater’s condition holds. Since the problem is convex
with affine constraints, strong duality holds: the optimal primal value matches the optimal dual
value, and the KKT conditions characterize optimality.

Sketch of proof. By separability, define m := mini yi(⟨w0, xi⟩ + b0) > 0. For any c > 1/m, set
w = c w0 and b = c b0. Then, for all i,

yi
(
⟨w, xi⟩+ b

)
= c yi

(
⟨w0, xi⟩+ b0

)
≥ c m > 1.

We have thus exhibited a strictly feasible primal point. By Slater’s condition (for affine inequalities
in a convex problem), strong duality follows and the KKT conditions are necessary and sufficient.

Definition 4.2 (Karush–Kuhn–Tucker (KKT) conditions). In a convex problem satisfying
Slater’s condition, a triplet (w⋆, b⋆, λ⋆) is optimal iff the following four families of conditions
hold:

1. Primal feasibility: for all i, yi(⟨w⋆, xi⟩+ b⋆) ≥ 1.
2. Dual feasibility: for all i, λ⋆

i ≥ 0, and
∑N

i=1 λ⋆
i yi = 0.

3. Stationarity: w⋆ =
∑N

i=1 λ⋆
i yixi. The condition

∑
i λ⋆

i yi = 0 comes from minimization with
respect to b.

4. Complementary slackness: for all i,

λ⋆
i

(
yi(⟨w⋆, xi⟩+ b⋆)− 1

)
= 0.

Complementary slackness reads constraint-by-constraint. For a given index i, the product
of the multiplier λ⋆

i and the “at-threshold" functional margin yi(⟨w⋆, xi⟩+ b⋆)− 1 is zero. Two
exclusive cases occur.

— If yi(⟨w⋆, xi⟩+ b⋆) > 1, then λ⋆
i = 0. Point i lies strictly outside the margin band; it does

not contribute to w⋆ in the decomposition w⋆ =
∑

j λ⋆
jyjxj .
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— If yi(⟨w⋆, xi⟩+ b⋆) = 1, the constraint is active; typically λ⋆
i > 0. Point i is on the margin:

a support vector. Only these active points determine w⋆.

Reconstructing the classifier from the dual. Once optimal λ⋆ are computed, reconstruct the
normal w⋆ =

∑
i λ⋆

i yixi. To determine the bias, use any point k such that λ⋆
k > 0 1 (hence

yk(⟨w⋆, xk⟩+ b⋆) = 1) and set
b⋆ = yk − ⟨w⋆, xk⟩.

In practice, average this value over several support vectors to reduce numerical noise.

Primal–dual equality and optimal value. Under Slater’s condition, the duality gap is zero.
The optimal primal value equals the optimal dual value. In particular,

1
2∥w

⋆∥2 =
N∑

i=1
λ⋆

i −
1
2

N∑
i=1

N∑
j=1

λ⋆
i λ⋆

j yiyj ⟨xi, xj⟩.

Further reading. For the basics of convex duality, Slater’s condition, and KKT, see for
instance Boyd and Vandenberghe (2004).

5 Support Vector Classifier (Soft-Margin)
The hard-margin model assumes perfect separability: all observations can be held at distance

at least 1/∥w∥ from the hyperplane. In many real-world situations, the data are only "almost
separable": there is noise, a few outliers, and sometimes slightly overlapping classes. It is then
desirable to allow controlled violations of the margin rather than forcing an unrealistic separation.

5.1 From max M to soft-margin: intuition and convexity
Starting point. In the hard-margin case, we pose the problem directly as a maximization of

the geometric margin M , fixing the scale with ∥w∥ = 1 (unit normal):

max
w,b,M

M s.t. yi
(
⟨w, xi⟩+ b

)
≥ M, i = 1, . . . , N, ∥w∥ = 1.

This means: with a unit normal, the quantity yi(⟨w, xi⟩+ b) is exactly the signed distance from
xi to the hyperplane, and M is the smallest of these distances.

"Almost separable" case. When classes overlap or noise is present, we keep the idea “maximize
M" but allow controlled violations via slack variables ξi ≥ 0 (one per point), see Figure 5, while
penalizing their sum. Two natural ways to relax the margin constraint exist. Additive slack.

Allow an absolute deficit ξi relative to the target M :

yi
(
⟨w, xi⟩+ b

)
≥ M − ξi, ξi ≥ 0, max M − α

∑
i

ξi, ∥w∥ = 1.

Intuition: ξi is expressed “in meters" (same unit as M), so each point may encroach by some
distance on the global margin. Non-convexity. To see the issue, eliminate M by working at free
scale. Let

w̃ = w

M
, b̃ = b

M
, ξ̃i = ξi

M
(M > 0).

The constraint becomes
yi
(
⟨w̃, xi⟩+ b̃

)
≥ 1− ξ̃i,

which is affine in (w̃, b̃, ξ̃). However, the objective rewrites as

M − α
∑

i

ξi = 1
∥w̃∥

− α
∑

i

ξ̃i

∥w̃∥
= 1− α

∑
i ξ̃i

∥w̃∥
,

1. The attentive reader will note that k is therefore a support vector

13



Figure 5 – Soft-margin with slack variables ξi: 0 < ξi < 1 for a point inside the band but correctly
classified, ξi ≥ 1 for a misclassified point.

which couples w̃ and ξ̃ nonlinearly (a ratio linear/∥w̃∥). This is neither concave (for maximization)
nor easily convexified: the problem is non-convex. This is the difficulty noted in Hastie et al.
(2009) for the “additive" choice.

Multiplicative slack. Require each point to meet a fraction (1− ξi) of the global margin:

yi
(
⟨w, xi⟩+ b

)
≥ M (1− ξi), ξi ≥ 0, max M − α

∑
i

ξi, ∥w∥ = 1.

Intuition: ξi is a percentage of “tolerance"; e.g., ξi = 0.1 allows point i to lie at 90% of the target
margin. Towards a convex form. Divide again by M and set

w̃ = w

M
, b̃ = b

M
.

We obtain the same affine constraint as above:

yi
(
⟨w̃, xi⟩+ b̃

)
≥ 1− ξi,

but now ξi is not rescaled. Moreover, ∥w∥ = 1 implies M = 1/∥w̃∥, so maximizing M − α
∑

i ξi

amounts to maximizing
1
∥w̃∥

− α
∑

i

ξi.

Rather than maximizing 1/∥w̃∥ (non-convex), we adopt the convex quadratic objective 1
2∥w̃∥

2,
which is monotone with respect to 1/∥w̃∥ (these criteria rank solutions the same way after
choosing a parameter). This leads to the standard SVC:

min
w,b,ξ≥0

1
2∥w∥

2 + C
N∑

i=1
ξi s.t. yi

(
⟨w, xi⟩+ b

)
≥ 1− ξi, i = 1, . . . , N. (5.1)

Here everything is convex: a strictly convex quadratic objective in w, affine constraints, domain
ξi ≥ 0. The parameter C > 0 plays the same role as α after rescaling and controls the trade-off
between margin width and the amount of violations.

Geometric reading. With the constraint yi(⟨w, xi⟩+ b) ≥ 1− ξi, we recover the same margin
band as in the hard-margin case: H± : ⟨w, x⟩+ b = ±1. A point has ξi = 0 if it is outside the
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band (or on ±1); it has 0 < ξi < 1 if it lies inside the band but on the correct side; it has ξi ≥ 1
if it is misclassified. Increasing C reduces violations but shrinks the margin; decreasing C widens
the margin but accepts more errors.

5.2 Primal formulation, dual derivation (soft-margin) �

At the canonical scale (target margin fixed at 1), allowing controlled margin violations
introduces slack variables ξi ≥ 0 and penalizes their sum. We obtain a convex quadratic program
with affine constraints.

Definition 5.1 (Soft-margin SVM — primal formulation).

min
w∈Rd, b∈R, ξ∈RN

+

1
2 ∥w∥

2 + C
N∑

i=1
ξi

s.t. yi
(
⟨w, xi⟩+ b

)
≥ 1− ξi, i = 1, . . . , N,

ξi ≥ 0, i = 1, . . . , N.

(5.2)

Remark 5.1 (Comment on the primal). The objective is strictly convex in w; the constraints are
linear. The parameter C > 0 controls the trade-off between margin width (via ∥w∥) and total
violation (via

∑
i ξi). Geometrically, ξi = 0 means a point outside the band (or on the margin),

0 < ξi < 1 a point inside the band but on the correct side, and ξi ≥ 1 a misclassified point.

From primal to dual: construction and dual function. For the constraints yi(⟨w, xi⟩+ b)−
1 + ξi ≥ 0, introduce multipliers λi ≥ 0; for ξi ≥ 0, multipliers νi ≥ 0. The Lagrangian is

L(w, b, ξ, λ, ν) = 1
2∥w∥

2 + C
N∑

i=1
ξi −

N∑
i=1

λi

(
yi(⟨w, xi⟩+ b)− 1 + ξi

)
−

N∑
i=1

νi ξi.

The dual function g(λ) = infw,b,ξ L follows by minimizing successively:
• In w:

∂L
∂w

= 0 =⇒ w⋆ =
N∑

i=1
λiyixi, inf

w

(
1
2∥w∥

2 −
〈
w,
∑

i

λiyixi
〉)

= −1
2

∥∥∥∑
i

λiyixi

∥∥∥2
.

• In b:
∂L
∂b

= −
N∑

i=1
λiyi = 0 =⇒

N∑
i=1

λiyi = 0,

otherwise the infimum in b equals −∞.
• In ξi:

∂L
∂ξi

= C − λi − νi = 0 =⇒ νi = C − λi (≥ 0) =⇒ 0 ≤ λi ≤ C .

The dependence on ξ then disappears. We obtain

g(λ) =
N∑

i=1
λi −

1
2

N∑
i=1

N∑
j=1

λiλj yiyj ⟨xi, xj⟩,

valid under
∑

i λiyi = 0 and 0 ≤ λi ≤ C.

Proposition 5.1 (Soft-margin SVM — dual formulation).

max
λ∈RN

N∑
i=1

λi −
1
2 λ⊤(Y KY

)
λ

s.t. 0 ≤ λi ≤ C, i = 1, . . . , N,

y⊤λ = 0.

(5.3)
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Here K ∈ RN×N is the Gram matrix, Kij = ⟨xi, xj⟩, and Y = diag(y1, . . . , yN ). The dual thus
depends on the data only through inner products ⟨xi, xj⟩—the key structure for the kernel trick.
Remark 5.2 (Reading the dual). This is a concave quadratic program over the polyhedron
{λ : 0 ≤ λi ≤ C, y⊤λ = 0 }. At the optimum, only a few components λ⋆

i are nonzero: active
indices correspond to support vectors.

Proposition 5.2 (Slater’s condition for the soft-margin SVC). For any dataset, there exists a
strictly feasible primal point. For example, w = 0, b = 0, ξi = 2 satisfy yi(⟨w, xi⟩+ b)− 1 + ξi =
1 > 0 and ξi > 0 for all i. Slater’s condition is therefore satisfied; strong duality holds and the
KKT conditions characterize optimality.
Definition 5.2 (Karush–Kuhn–Tucker (KKT) conditions — soft margin). A quintuplet (w⋆, b⋆, ξ⋆, λ⋆, ν⋆)
is optimal iff:

1. Primal feasibility: yi(⟨w⋆, xi⟩+ b⋆) ≥ 1− ξ⋆
i and ξ⋆

i ≥ 0 for all i;
2. Dual feasibility: λ⋆

i ≥ 0, ν⋆
i ≥ 0 for all i, and

∑
i λ⋆

i yi = 0;
3. Stationarity: w⋆ =

∑
i λ⋆

i yixi and C − λ⋆
i − ν⋆

i = 0 for all i;
4. Complementary slackness: for all i,

λ⋆
i

(
yi(⟨w⋆, xi⟩+ b⋆)− 1 + ξ⋆

i

)
= 0, ν⋆

i ξ⋆
i = 0.

Interpretation. If 0 < λ⋆
i < C, then ν⋆

i > 0 so ξ⋆
i = 0, and the constraint is active: yi(⟨w⋆, xi⟩+

b⋆) = 1 (a “free" support vector, on the margin). If λ⋆
i = C, then ν⋆

i = 0 and yi(⟨w⋆, xi⟩+ b⋆) =
1− ξ⋆

i ≤ 1 (a “bound" support vector, inside the band or misclassified if ξ⋆
i ≥ 1). If λ⋆

i = 0, then
ν⋆

i = C and ξ⋆
i = 0, hence yi(⟨w⋆, xi⟩+ b⋆) ≥ 1 (outside the band, non-support).

Reconstructing the classifier from the dual. We have w⋆ =
∑N

i=1 λ⋆
i yixi. For the bias, choose

k such that 0 < λ⋆
k < C (a “free" support) and set

b⋆ = yk − ⟨w⋆, xk⟩,

then average over several “free" supports for numerical stability. The decision function is

f(x) = sign
(

N∑
i=1

λ⋆
i yi ⟨xi, x⟩+ b⋆

)
.

Primal–dual equality and optimal value. Under Slater’s condition, the duality gap is zero; in
particular,

1
2∥w

⋆∥2 + C
N∑

i=1
ξ⋆

i =
N∑

i=1
λ⋆

i −
1
2

N∑
i=1

N∑
j=1

λ⋆
i λ⋆

j yiyj ⟨xi, xj⟩.

Further reading. For convex duality (Slater’s condition, KKT), see e.g. Boyd and Vanden-
berghe (2004). A didactic presentation of the soft-margin SVM (primal/dual, hinge loss) is given
by Hastie et al. (2009). For the origin and a more theoretical treatment, see Cortes and Vapnik
(1995) and Vapnik (1998).

6 Support Vector Machine (SVM): Kernel Trick
Extending the soft-margin SVC to nonlinear decision boundaries consists in replacing the

Euclidean inner product ⟨x, x′⟩ by a kernel K(x, x′) that implicitly induces an embedding ϕ into
a space (often high- or even infinite-dimensional) where the separation becomes linear again.
This idea is supported by Cover (1965): “Projecting data nonlinearly into a higher-dimensional
space generally increases the probability of linear separability." In the feature space, the classifier’s
complexity is controlled by the norm of the normal vector (or, in an RKHS, by ∥f∥HK

), while
the parameter C preserves regularization of the margin/violation trade-off. The foundational
works of Boser et al. (1992); Cortes and Vapnik (1995) formalized this framework, which we
detail below.
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6.1 Intuition and examples of kernels
Starting point: to make a linear separation possible when boundaries are nonlinear in Rd,

consider an embedding ϕ : Rd → H into a Hilbert space (H, ⟨·, ·⟩H) where the data become
(almost) separable. The soft-margin SVC “in H" reads

min
w∈H, b∈R, ξ≥0

1
2∥w∥

2
H + C

N∑
i=1

ξi s.t. yi
(
⟨w, ϕ(xi)⟩H + b

)
≥ 1− ξi.

Cover (1965) formalizes the intuition: a nonlinear embedding into a higher-dimensional space
generally increases the probability of linear separability (Figure 6). However, estimating w ∈ H
directly quickly becomes impractical: for a Gaussian kernel, H is infinite-dimensional; even for a
polynomial kernel of degree p, the embedding dimension (all monomials up to degree p) grows
combinatorially with d. The kernel trick circumvents this difficulty: one never needs to construct
ϕ nor store w in H, because the SVM dual depends on the data only through inner products of
the form

⟨ϕ(xi), ϕ(xj)⟩H =: K(xi, xj),

where K is a kernel function. By replacing every ⟨xi, xj⟩ with K(xi, xj), the optimization is
solved as if we were working linearly in H, without ever computing ϕ.

(a) Data in R2 not linearly separable (b) Data in R3 linearly separable

Figure 6 – Embedding R2 into R3

Informal definition: a kernel K : Rd × Rd → R is a function for which there exist a Hilbert
space H and a feature map ϕ satisfying

K(x, x′) = ⟨ϕ(x), ϕ(x′)⟩H.

The learned decision then takes the form

f(x) = sign
(

N∑
i=1

λ⋆
i yi K(xi, x) + b⋆

)
,

where only the support vectors (indices i with λ⋆
i > 0) appear: neither w nor ϕ(x) are explicitly

manipulated.
Some common kernels:
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— Linear: K(x, x′) = ⟨x, x′⟩ (baseline case, identity ϕ).
— Polynomial (degree p): K(x, x′) = (⟨x, x′⟩ + c)p, p ∈ N, c ≥ 0 (finite embedding:

monomials up to degree p).
— Gaussian / RBF: K(x, x′) = exp(−γ∥x−x′∥2), γ > 0 (an infinite-dimensional embedding).
— Sigmoid (neural-network type): K(x, x′) = tanh(κ ⟨x, x′⟩+ θ) (p.s.d. only for certain

parameter ranges).

Explicit example — quadratic polynomial kernel with c = 1 in dimension 2. Let x = (x1, x2)
and x′ = (x′

1, x′
2) ∈ R2, and

K(x, x′) = (⟨x, x′⟩+ 1)2 =
(
x1x′

1 + x2x′
2 + 1

)2
.

Expanding,

(⟨x, x′⟩+1)2 = (x1x′
1+x2x′

2)2+2(x1x′
1+x2x′

2)+1 = x2
1x′2

1 +2x1x2x′
1x′

2+x2
2x′2

2 +2x1x′
1+2x2x′

2+1.

This can be written as a Euclidean inner product in dimension 6:

K(x, x′) =
〈
ϕ(x), ϕ(x′)

〉
R6 ,

where a corresponding feature map (one realization of the feature space associated with K) is

ϕ : R2 → R6, ϕ(x) =
(
x2

1,
√

2 x1x2, x2
2,
√

2 x1,
√

2 x2, 1
)
.

With this normalization, one checks directly that〈
ϕ(x), ϕ(x′)

〉
= x2

1x′2
1 + 2x1x2x′

1x′
2 + x2

2x′2
2 + 2x1x′

1 + 2x2x′
2 + 1 =

(
⟨x, x′⟩+ 1

)2 = K(x, x′).

Remark 6.1. The feature map ϕ is not unique (any orthogonal transformation of ϕ also works);
what is determined by K is the equivalence class of the feature space (isomorphic to the associated
RKHS).

Without the kernel trick, using a degree-2 polynomial kernel would require estimating a normal
vector w in R6 (and, for higher degrees and/or larger d, in a combinatorially explosive dimension 2);
with the kernel, it suffices to evaluate K(xi, xj) and to optimize the dual in dimension N via
the kernel Gram matrix K = [K(xi, xj)]i,j .

The preceding reasoning also clarifies the algorithmic choice. In the kernelized primal, the
normal vector w lives in H, whose dimension can be huge (even infinite for an RBF): estimating
w directly is quickly impractical. Using the Lagrangian, the KKT conditions instead yield the
representation

w⋆ =
N∑

i=1
λ⋆

i yi ϕ(xi), 0 ≤ λ⋆
i ≤ C,

N∑
i=1

λ⋆
i yi = 0,

and lead to the dual

max
λ∈[0,C]N

N∑
i=1

λi −
1
2

N∑
i,j=1

λiλjyiyj ⟨ϕ(xi), ϕ(xj)⟩H︸ ︷︷ ︸
K(xi,xj)

s.t.
N∑

i=1
λiyi = 0.

In other words, the entire numerical challenge concentrates in the kernel Gram matrix K =
[K(xi, xj)]i,j : we manipulate only inner products in H, never building ϕ nor storing w. This is
precisely why one prefers the dual: the complexity depends primarily on N (sample size), not on
dim(H), which may blow up in the primal for nonlinear kernels.

2. For a degree-p polynomial kernel with all monomials up to p, the feature dimension is
(

d+p
p

)
, which grows

combinatorially with d and p.
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6.2 Formalization of the kernel trick �

Definition 6.1 (Hilbert space). A Hilbert space is a real vector space H endowed with an inner
product ⟨·, ·⟩H, complete for the induced norm ∥u∥H =

√
⟨u, u⟩H. Completeness means that

every Cauchy sequence (for the norm) converges in H.

Definition 6.2 (p.s.d. kernel and RKHS, (Aronszajn, 1950)). Let X be a nonempty set. A
symmetric function K : X ×X → R is positive semidefinite (p.s.d.) if, for every n ∈ N and every
choice (x1, . . . , xn) ⊂ X ,

n∑
i=1

n∑
j=1

αiαj K(xi, xj) ≥ 0 for all (α1, . . . , αn) ∈ Rn,

i.e., the Gram matrix Kn = [K(xi, xj)]i,j is p.s.d. By the Moore–Aronszajn theorem, every
p.s.d. kernel K is associated with a reproducing kernel Hilbert space (RKHS) (HK , ⟨·, ·⟩HK

) and
a canonical map

Φ : X → HK , Φ(x) := Kx := K(x, ·),
such that, for all x, z ∈ X ,

K(x, z) = ⟨Φ(x), Φ(z)⟩HK
and ∀f ∈ HK , f(x) = ⟨f, Kx⟩HK

(reproducing property).

Remark 6.2 (Two equivalent views of a kernel). Saying that K is a p.s.d. kernel is equivalent to (i)
the existence of a feature map Φ into a Hilbert space (HK , ⟨·, ·⟩) such that K(x, z) = ⟨Φ(x), Φ(z)⟩,
or (ii) every Gram matrix formed with K is p.s.d. The first view is geometric (feature map); the
second is algorithmic (well-posed QP in the dual).
Remark 6.3 (Examples and closure properties). Common p.s.d. examples: Klin(x, z) = ⟨x, z⟩,
Kpoly(x, z) = (⟨x, z⟩ + c)p (c ≥ 0, p ∈ N), KRBF(x, z) = exp(−γ∥x − z∥2) (γ > 0). Closure: if
K1, K2 are p.s.d., then aK1 + bK2 (a, b ≥ 0), K1 ·K2, and x 7→ ϕ(x)⊤A ϕ′(x) with A ⪰ 0 are
also p.s.d. (useful for building domain-adapted kernels).

Theorem 6.1 (Representer theorem, Kimeldorf and Wahba (1971); Schölkopf and Smola (2002)).
Let (HK , ∥ ·∥HK

) be an RKHS, Ω : R+ → R a strictly increasing regularizer, and L : Y ×R→ R+
a loss. For

min
f∈HK

Ω
(
∥f∥HK

)
+

N∑
i=1

L
(
yi, f(xi)

)
,

every minimizer admits a finite representation

f⋆(·) =
N∑

i=1
αi K(xi, ·).

Proof sketch. Decompose f = g + h with g ∈ span{Kxi}Ni=1 and h ⊥ span{Kxi}. By the
reproducing property, f(xi) = g(xi) for all i; thus the data-fitting term depends only on g. Since
Ω is increasing and ∥f∥2 = ∥g∥2 + ∥h∥2, keeping h ̸= 0 never helps: at the optimum h = 0,
yielding the finite form.

Remark 6.4 (Direct connection to the kernelized SVM). With Ω(t) = 1
2 t2 and the hinge loss

L(y, u) = max(0, 1− yu), one obtains the SVC in RKHS:

min
f∈HK , b∈R

1
2∥f∥

2
HK

+ C
N∑

i=1
max

(
0, 1− yi(f(xi) + b)

)
.

By Theorem 6.1, f(·) =
∑

i αiK(xi, ·). Introducing slack variables and writing the dual as in the
linear case, all inner products ⟨xi, xj⟩ are replaced by K(xi, xj):

max
λ

N∑
i=1

λi −
1
2

N∑
i,j=1

λiλj yiyj K(xi, xj) s.t. 0 ≤ λi ≤ C,
∑

i

λiyi = 0,
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and the decision function

f(x) =
N∑

i=1
λ⋆

i yi K(xi, x) + b⋆.

The kernel thus allows us to operate as if we were linear in a (potentially infinite-)dimensional
HK , without ever making Φ explicit or estimating w in that space.
Remark 6.5 (Role of the RKHS norm and complexity control). In a kernelized SVM, the quantity
∥f∥HK

plays the role of the normal vector norm in feature space: minimizing 1
2∥f∥

2
HK

amounts
to maximizing the margin in HK . The parameter C balances this margin against hinge-type
violations. This realizes the intuition behind Cover’s theorem (improved separability after
embedding) while avoiding overfitting via explicit RKHS regularization.
Remark 6.6 (Why kernelization resolves the infinite-dimensional issue). Attempting to optimize
directly over w ∈ H (e.g., with an RBF kernel) would yield an infinite-dimensional decision
variable. The dual never exposes w: it manipulates only the kernel Gram matrix K = [K(xi, xj)]
of size N ×N , and the dual coefficients λi. Feasibility and concavity of the dual rely precisely
on the p.s.d.-ness of K.

Further reading. For a clear introduction to the kernel trick and feature maps φ(·), see Hastie
et al. (2009) and Bishop (2006). For a rigorous presentation via reproducing kernel Hilbert spaces
(RKHS), the positive-definiteness axiom, and the representer theorem, see Schölkopf and Smola
(2002).

7 Practical Aspects and Extensions of SVMs
7.1 Probabilistic outputs: from margin to probability

The SVM returns a margin score

h(x) =
N∑

i=1
λ⋆

i yi K(xi, x) + b⋆ (linear when K(xi, x) = ⟨xi, x⟩),

which quantifies the signed distance to the decision boundary. This score is well ordered (the
larger h(x), the higher the confidence for class +1), but it is not a probability. To obtain an
estimate of Pr(Y = 1 | x), one applies a calibration to the score.

Definition 7.1 (Logistic calibration). Use the sigmoid σ(t) = 1
1 + e−t

to transform h(x) into a
probability:

Pr(Y = 1 | x) = σ
(
θ1 + θ2 h(x)

)
.

The “plain sigmoid” case fixes (θ1, θ2) = (0, 1), i.e. Pr(Y = 1 | x) = σ
(
h(x)

)
. In practice, it is

preferable to learn (θ1, θ2) by maximum likelihood on a validation set (or via cross-validation),
from the pairs

(
h(xi), ti

)
with ti = 1+yi

2 ∈ {0, 1}:

min
θ1,θ2

−
N∑

i=1

[
ti log σ

(
θ1 + θ2h(xi)

)
+ (1− ti) log

(
1− σ

(
θ1 + θ2h(xi)

))]
.

Remark 7.1 (Intuition and practice). Very positive margins (h(x)≫ 0) yield probabilities close to
1, very negative margins (h(x)≪ 0) close to 0, and h(x) ≈ 0 a probability near 1/2. Estimation
of (θ1, θ2) must be performed out of sample to avoid optimism (hold-out or k-fold CV). When
the link between h and probability is more complex, a nonparametric alternative is isotonic
calibration (more flexible but more prone to overfitting). These techniques apply unchanged to
kernelized SVMs (only the expression of h changes).
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7.2 Multiclass SVMs
Many applications involve K ≥ 3 classes. While the SVM is defined for binary labels

y ∈ {−1, +1}, multiclass classification is handled effectively via reduction strategies that keep
the geometry and regularization of the binary SVMs intact (kernelization applies unchanged).
We present the two standard schemes and their practical implications.

Definition 7.2 (One-vs-Rest (OvR)). Let Y = {1, . . . , K}. For each class k, create binary labels

y
(k)
i =

{
+1 if yi = k,

−1 otherwise,
i = 1, . . . , N,

and train a (linear or kernel) soft-margin SVM

fk(x) =
N∑

i=1
λ

(k)
i y

(k)
i K(xi, x) + b(k).

Prediction is by winner-takes-all:

ŷ(x) = arg max
k∈{1,...,K}

fk(x).

Class imbalance is inherent (positives are typically Nk ≪ N): use class weighting and stratified
folds within the standard pipeline {StandardScaler → SVM}.

Definition 7.3 (One-vs-One (OvO)). For each ordered pair (a, b) with 1 ≤ a < b ≤ K, train a
binary SVM fab using only samples with y ∈ {a, b} (labels +1 for a, −1 for b). At prediction
time:

— Majority vote: each fab casts one vote for a if fab(x) > 0 and for b otherwise; choose the
class with most votes.

— Margin aggregation (tie-breaker): for each class c, define

Sc(x) =
K∑

b=1
b̸=c

scb(x), scb(x) =
{

fcb(x) if c < b,

−fbc(x) if c > b,

then predict ŷ(x) = arg maxc Sc(x).
Both OvR and OvO accept any kernel from Section 6; the decision functions remain linear
combinations of kernels centered at support vectors.

7.3 Least-Squares SVM
Least-Squares SVM (LS-SVM) (Suykens and Vandewalle (1999); Suykens et al. (2002)) is a

variant of the soft-margin SVM that replaces the hinge loss and inequality constraints with a
quadratic penalty on margin residuals and equality constraints. The problem remains convex, and
training reduces to solving a linear system, with the same kernelization scheme as for standard
SVMs.

Definition 7.4 (LS-SVM — primal formulation (classification)). Let (H, ⟨·, ·⟩H) be a feature
space, ϕ : Rd → H a feature map, labels yi ∈ {−1, 1}, and γ > 0. The LS-SVM primal problem is

min
w∈H, b∈R, ξ∈RN

1
2 ∥w∥

2
H + γ

2

N∑
i=1

ξ2
i

s.t. yi
(
⟨w, ϕ(xi)⟩H + b

)
= 1− ξi, i = 1, . . . , N.

(7.1)

21



Remark 7.2 (Comments). (i) The slack variables ξi are not sign-constrained; the penalty is
symmetric around the target margin 1. (ii) The objective is strictly convex in w and the
constraints are affine; the problem is a well-posed convex program. (iii) The parameter γ controls
the trade-off between regularization and fitting the margin residuals.

Proposition 7.1 (Stationarity conditions and linear system). Introduce Lagrange multipliers
λi ∈ R for the equalities and the Lagrangian

L(w, b, ξ, λ) = 1
2∥w∥

2
H + γ

2

N∑
i=1

ξ2
i −

N∑
i=1

λi

(
yi(⟨w, ϕ(xi)⟩H + b)− 1 + ξi

)
.

Stationarity yields

∂L
∂w

= 0 ⇐⇒ w =
N∑

i=1
λiyi ϕ(xi),

∂L
∂b

= 0 ⇐⇒
N∑

i=1
λiyi = 0,

∂L
∂ξi

= 0 ⇐⇒ γ ξi − λi = 0 for all i hence ξi = λi/γ.

Substituting into the constraints of (7.1) and writing K(xi, xj) = ⟨ϕ(xi), ϕ(xj)⟩H and Ωij =
yiyj K(xi, xj), we obtain the block system[

0 y⊤

y Ω + γ−1IN

] [
b
λ

]
=
[

0
1N

]
, y = (y1, . . . , yN )⊤, λ = (λ1, . . . , λN )⊤. (7.2)

Definition 7.5 (Decision function). Let (b, λ) solve (7.2). The decision function is

f(x) =
N∑

i=1
λi yi K(xi, x) + b, ŷ = sign

(
f(x)

)
.

Proposition 7.2 (Dual formulation). Eliminating (w, b, ξ) in the Lagrangian leads to the dual
problem

max
λ∈RN

1⊤
N λ − 1

2 λ⊤(Ω + γ−1IN

)
λ s.t. y⊤λ = 0.

Remark 7.3 (Geometric view, strengths and limitations). Writing f(xi) =
∑N

j=1 λjyjK(xj , xi)+b,
the primal constraints give ξi = 1− yif(xi). We have ξi ≤ 0 for points beyond the margin on
the correct side, 0 < ξi < 1 for points inside the margin band but correctly classified, and ξi ≥ 1
for misclassified points. Strengths: training reduces to a linear system of size (N+1)× (N+1);
kernelization is identical to the standard SVM. Limitations: the solution is typically dense (less
sparsity), and the quadratic penalty increases sensitivity to outliers.

7.4 Support Vector Regression
Support Vector Regression (SVR) (Smola and Schölkopf (2004)) seeks to estimate an affine

function in feature space, f(x) = ⟨w, ϕ(x)⟩H + b, that tolerates deviations up to a threshold
ϵ > 0 without penalty (ϵ-insensitive loss). Geometrically, this amounts to fitting a tube of width
2ϵ around the predictor (see Figure 7): points inside the tube incur no penalty, whereas points
outside give rise to slack variables.

Definition 7.6 (SVR — primal formulation). Let (H, ⟨·, ·⟩H) be a feature Hilbert space, ϕ :
Rd → H an embedding, (xi, yi) ∈ Rd × R observations, and C > 0. The SVR primal problem is

min
w∈H, b∈R, ξ∈RN

+ , ξ⋆∈RN
+

1
2 ∥w∥

2
H + C

N∑
i=1

(
ξi + ξ⋆

i

)
s.t. yi −

(
⟨w, ϕ(xi)⟩H + b

)
≤ ϵ + ξi, i = 1, . . . , N,(

⟨w, ϕ(xi)⟩H + b
)
− yi ≤ ϵ + ξ⋆

i , i = 1, . . . , N,

ξi ≥ 0, ξ⋆
i ≥ 0, i = 1, . . . , N.

(7.3)
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Figure 7 – SVR and the ϵ-insensitive tube. Estimated curve f(x) (solid line), ϵ-tube (purple
bands). Points outside the tube generate slack variables (ξi, ξ⋆

i ) and become support vectors of
the regression.

Proposition 7.3 (Stationarity conditions and box constraints). Let λi, λ⋆
i ≥ 0 be the Lagrange

multipliers associated with the two families of inequalities in (7.3), and let µi, µ⋆
i ≥ 0 be those

associated with ξi ≥ 0, ξ⋆
i ≥ 0. Writing K(xi, xj) = ⟨ϕ(xi), ϕ(xj)⟩H, the Lagrangian stationarity

conditions yield

w =
N∑

i=1
(λ⋆

i − λi) ϕ(xi),
N∑

i=1
(λ⋆

i − λi) = 0.

We also have C − λi − µi = 0 and C − λ⋆
i − µ⋆

i = 0 for all i, with complementarity µiξi = 0 and
µ⋆

i ξ⋆
i = 0. It follows that the dual variables satisfy the box bounds

0 ≤ λi ≤ C, 0 ≤ λ⋆
i ≤ C, i = 1, . . . , N.

Proposition 7.4 (Kernelized dual). Eliminating (w, b, ξ, ξ⋆, µ, µ⋆) from the Lagrangian associ-
ated with (7.3) leads to the dual problem

max
λ, λ⋆

− 1
2

N∑
i=1

N∑
j=1

(λi − λ⋆
i )(λj − λ⋆

j ) K(xi, xj)

− ϵ
N∑

i=1
(λi + λ⋆

i ) +
N∑

i=1
yi(λi − λ⋆

i )

s.t.
N∑

i=1
(λi − λ⋆

i ) = 0, 0 ≤ λi, λ⋆
i ≤ C, i = 1, . . . , N.

(7.4)

Definition 7.7 (Predictor and bias computation). For a solution (λ, λ⋆) of (7.4), the prediction
function is

f(x) =
N∑

i=1
(λi − λ⋆

i ) K(xi, x) + b.

The term b follows from the KKT conditions by selecting an index i such that 0 < λi < C or
0 < λ⋆

i < C. For instance,

b = yi − ϵ−
N∑

j=1
(λj − λ⋆

j ) K(xj , xi) if 0 < λi < C,
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and

b = yi + ϵ−
N∑

j=1
(λj − λ⋆

j ) K(xj , xi) if 0 < λ⋆
i < C.

In practice, one averages b over several admissible indices for improved numerical stability.

Remark 7.4 (Geometric interpretation and role of hyperparameters). Points with 0 < λi < C or
0 < λ⋆

i < C lie on the tube and are support vectors; those with λi = C or λ⋆
i = C are outside

the tube. The parameter ϵ controls the tube thickness: a larger value induces a smoother model
and fewer support vectors, but higher bias. The parameter C tunes the penalty for overshooting:
a large value favors tighter fit (higher variance), whereas a small value allows more tolerance
(lower variance). Kernelization enters solely through K(xi, xj), exactly as in classification.

7.5 Modelling: practical principles and hyperparameter tuning
This section gathers the modelling choices that drive SVM performance: (i) feature handling,
(ii) the effect of hyperparameters on the geometry of the decision boundary, and (iii) a lean
tuning/evaluation protocol. The figures illustrate the effect of a very large C (Figure 8) and a
very large γ for an RBF kernel (Figure 9).

Feature handling — SVMs are scale-sensitive. We work within a pipeline that includes
standardisation z = (x − µ)/σ, fitted exclusively on the training folds inside cross-validation.
Categorical variables are one-hot encoded. The presence of outliers justifies mild robust scaling (or
winsorisation) to stabilise the margin when C is large. With class imbalance, use class weighting
(class_weight="balanced" or manual weights) and imbalance-aware metrics (AUC-PR, F1,
balanced accuracy).

Hyperparameters —
— (i) Linear SVM: C > 0 sets the margin–violation trade-off. A large C tightens the margin

and reduces training errors (variance ↑); a small C widens the margin (bias ↑). The squared
hinge loss strengthens the penalty on large violations, Figure 8

— (ii) RBF: two coupled parameters shape the boundary, C and γ > 0 (effective kernel
width). A large γ yields highly local, wiggly boundaries (variance ↑); a small γ gives smooth
boundaries (bias ↑). Search must be joint in (C, γ), Figure 9.

— (iii) Polynomial (optional): the degree p sets global complexity (in practice p ∈ {2, 3}),
while c0 ≥ 0 modulates the influence of lower-order terms.

Remark 7.5. Bias–variance view. Increasing C or γ reduces bias but raises variance; under RBF
these effects compound. Decreasing them smooths the boundary at the cost of higher bias.

Tuning and evaluation — Use a pipeline {StandardScaler → SVM} with stratified K-fold
CV (K=5 by default). For RBF, explore logarithmic grids C ∈ [10−3, 103], γ ∈ [10−4, 101]; a
useful starting heuristic is

γ ≈ 1
median

(
∥xi − xj∥2

) ,
computed on a subsample. If calibrated probabilities are required (see Section 7.1), apply
calibration (Platt or isotonic) after model selection, on a dedicated validation split.

24



(a) Linear SVM with C = 0.010 (b) Linear SVM with C = 10000

Figure 8 – Effect of C (soft margin) on the margin and the set of support vectors.

(a) RBF SVM with γ = 0.2 (C fixed at 8) (b) RBF SVM with γ = 5.0 (C fixed at 8)

Figure 9 – Effect of γ (RBF) on the decision boundary and the apparent margin.
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